Lecture-8

Motion Models
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3-D Rigid Motion
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3-D Rigid Motion

X' X vy, h, Fh;| X T,
Y |=R|Y |+T=|r, r, r|Y | +|T
_Z’ | _Z | Ty r33__Z | _TZ |

Rotation matrix (9 unknowns) Translation (3 unknowns



Rotation

X = Rcos ¢
Y = Rsin ¢

X' '=Rcos(®+¢@)=Rcos®cos¢g— Rsin ®sin ¢
Y'=Rsin(®+¢@) =Rsin®cos¢g+ Rcos Osin ¢

X'=Xcos®—-Ysin®
Y':Xsin®+Ycos®/
Z
X' [cos® —sin® O X
Y |=|sin® cos® O0OfY
A 0 0 1| Z




Rotation (continued)
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Image Motion Models



Displacement Model



Image Formation: Orthographic Projection

A (X,Y,Z)
Image Plane World

point

Image




Orthographic Projection

X X " Na N3 X —TX_

Y' |=RY |+T=|r, ry, rg|Y | +| 1

Z' ] Z Ty |24 |1
= X

(X,y)=Image coordinates,
(X,Y,Z)=world
coordinates

=Y

X
Y
X'=RX+hRy (1 Z+1y)
V' =

1oy X+, + (13 + 1y)
x'=ax+a,y+b [x _|@ x| b,
y': a3x+a4y+b2 y' a, a, |y bz

x' = Ax + b Affine Transformation



Orthographic Projection (contd.)

X| |X 1 —a BlX||T,
Y |=RY +T=l a 1 —y|Y [HT,
zZ\| |z| |-B r 11Z||I,

X'=x—-ay+pL+T,
Vi=oax+y—yZ+T,



Image Formation: Perspective Projection

 (X,Y,2)
Image Plane World
; Lens Y point
y Z
Image
-y _J
Y 7
s X



Perspective Projection

!
X X ry r, TI;|X I,
/ — —
Y' |=R|Y |+1T=|r, 1, r,|Y | +|1,
/
2 /| o oy e |24 |1,
X'=rnX+rY+r.Z+T,
Y =r,X+r,Y+r.Z+T, .
r__ X
L =r,X+nrY+r,Z+7, FLX 1LY +7
x'=
1y
FoX + VYV + 1+
focal length = -1 Y 2l Z scale ambiguity
Iy
X & r21x+r22y+r23+z
X = , r_— yr —
£ Y A iy

;X + Yy + 133 + ?



Plane+Perspective(projective)

aAX+bY+cZ=1  [x]| [x 9%
X Y |=RY[lla b dY
[a b C] Y | =1 ZI Z Z
_Z_ i i - -
equation of a plane _X’_ _X_ XI X
Y |=R Y |+T Y [=4Y |  4=R+Za b
/' | Z | 7 7

krigk motion



Plane+Perspective(projective)

X' Y' ~
L _ _ x'= N focal length = -1
X' X zn V=g
V' =4 Y x,:a1X+a2Y+a3Z
a, X +aY +a,/
/
_Z _ _Z _ )= a,X +a,Y +a/l
a,X+aY+a,l
X'=aX+aY+a,Z
,  ax+a,y+a — 1
) =4 2 3 a,
Y'=a,X+aY+al ax+ay+a,

Z'=a.X+aY+a,Z o Gt ay+a scale ambiguity

ax+ay+a,



Plane+perspective (contd.)

y X + a,y + da,

X =

a,x+a,y+1

/

- a4x+a5y+a6

ax+a,y+1

a,

_ AX +5b

X' = -
C"'X +1

Projective
Or
Homography



Least Squares

e Eg of a line
mx—+c=y

« Consider n points

mx, +c =y,

mx, +c=y,

4

Vi




Least Squares Fit
Ap=Y
A'Ap=A"Y

p=(A"A)'A'Y

i

minZ(yl. —mx; — 6)2

i=1



Determining Projective transformation using
point correspondences




Determining Projective transformation using

point correspondences

o |If point correspondences (Xx,y)<-->(x’,y’) are known
 a’s can be determined by least squares fit

a,x'x+axy+x'=ax+a,y+a,
,  ax+a,y+a,

X a,yx+a,yy+y' =a,x+a,y+as
a.x+agy+1 , , ,
X'=ax+a,y+a,—axx—axy
y,:a4x+asy+a6 Vi=ax+agy+as—a;y'x —agyy
a,x+agy+1 , , ,
ax+a,y+a,—a,xx—axy=x
GX+ay+ag—a;yx—agyy =y’
a
] . d,
Two rows for each pointi . da,| .-

X Vi 10 0 - 0 _xi'x; _yix;' a,
00 0 X Vi 1 _xiy; _yiy:' ds y:'
: : Jag,| L-J




Determining Projective transformation using
point correspondences

d,

d,
- . N9 [:]
x, y, 10 0 0 -xx —yx |a, ,'
000 x v 1 —xy —v|al| |¥
i : da, | L+

a7

| s |

/

Aa =X

a=(A"A)"A"x



Summary of Displacement Models

Translation ~ % =x+b, Bl-quadratic
' —
y'=y+b, X'=a +ax+ay+ax’+ay’ +a.xy

ngld . r 2 2

X'=xcos@—ysin@+b, YV =G TARXTAYTA X+ 4, )Y dpXY

4 : . .
y =xsinf+ycos@+b, Bi-Linear
- '

Affine x'=ax+a,y+b, X'=a +a,x+a,y+a,xy
y'=ax+a,y+b, Vi=as+ax+a,y+axy
Xt ayth Pseudo-Perspective

Projective  ¢x+¢y+1 x'=a, +ax+a,y+ax’ +axy

, ax+a,y+b ’ ,
Yy = y =a,+ta,x+a,y+a,xy+a;y

cx+c,y+1



Displacement Models (contd)

* Translation

— simple

— used in block matching

— no zoom, no rotation, no pan and tilt
e Rigid

— rotation and translation

— no zoom, no pan and tilt



Displacement Models (contd)

o Affine
— rotation about optical axis only
— can not capture pan and tilt
— orthographic projection

* Projective

— exact eight parameters (3 rotations, 3 translations and 2
scalings)

— difficult to estimate (due to denominator terms)



Displacement Models (contd)

e Biquadratic
— obtained by second order Taylor series
— 12 parameters

e Bilinear

— obtained from biquadratic model by removing square
terms

— most widely used
— not related to any physical 3D motion
 Pseudo-perspective

— obtained by removing two square terms and
constraining four remaining to 2 degrees of freedom



Spatial Transformations

O O -

translation rotation

. B

rigid

shear

affine



Instantaneous Velocity Model
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3-D Rigid Motion

X=Q,7-QY+V,

Y=Q.X-QZ+V, X
: X=Y |,
Z7=QY-Q X+V, Z

_Ql__

: Q=|Q,

Cross Product



Orthographic Projection

X=Q,7-Q.Y+V,
Y=Q.X-QZ+V,
Z=QY-Q X +V,

u=x=0,2-0,y+V,

v=3=Q.x-QZ+V, (u,v) is optical flow



Perspective Projection (arbitrary flow)

ng
s

JSY
Y=

X=Q,7-Q.Y+V,
Y=Q.X-Q.Z+7V,
Z=QY-Q.X+V,

u:x: > o — X —
V4 Z V4
. Y-fYZ Y Z
V:y:fZ 2fY =f=-y=
Z Z Z
U= f(K+Q )— X— Qy—%xy+&x
Z / /
V, V. Q, Q,

v=f(Z2-Q)+Qx—=2y+Zxy-——"Ly’
f(Z 1)+, Zy 7 Y fy



Plane+orthographic(Affine)

L=a+bX +cY

u=V,+Q,Z-Q,y
v=V,+Qx-Q,Z

u=b +ax+a,y

Home work Vv=b,+a,x+a,y

'

u=Ax-+Db

b =V, +all,
a, = bQ),

a, =cLl, —C2,
b, =V, —all,
a, = Q2 —bQ)
a, =—cl),



Plane+Perspective (pseudo
perspective)

A I SE R
u:f(E+Qz)—Zx—Q3y—fxy+fx Z=a+bX +cY
1 1 b ¢
v:f(E—Ql)Jrch—IéerQ2 A —=———X——)

Z 2777 70 4 a

u=a +ax+ay+ax +axy

v=a, +ax+ay+axy+a)y’



